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Abstract
Traditionally the physics of the Unruh effect, i.e. the q.f.t. in the
wedges WR or WL in Minkowski space is related to the physics in the
Rindler Fock space, which is a proplematical strategy. In a careful analy-
sis we show that the correct dual q.f.t. lives rather in the thermal Rindler
Hilbert space and turns out to be unitarily equivalent to the correspond-
ing Minkowski space theory in contrast to the Rindler Fock space theory.
We show in particular that in thermal Rindler Hilbert space a new sort
of objects occurs, viz., quasi-particle/hole creation/annihilation operators
of thermal Rindler quasi-particles and holes, which do not have a pen-
dant in Rindler Fock space. The ordinary Rindler particle operators are
certain temperature dependent superpositions of these more fundamental
operators. These new objects play a crucial role in this duality and via
the unitary equivalence do have their counterparts in Minkowski q.f.t.
1 Introduction
While there exist a host of papers, even reviews, dealing with the so-called
Unruh effect, there are in our view and in the view of some other colleagues, a
number of open questions which are worthwhile to be addressed and carefully
discussed. This holds the more so as some of them are apparently not even
regarded as problems at all. We think that the Unruh effect is one of the not
so frequent cases in physics where technical aspects really do matter.
Most of the papers and reviews ( as there exist such a large number of
papers and as we do not intend to write another review we cite only a few , as
we think, representative references, see e.g. [1],[2],[3],[4]) are based to a large
degree on the methods of the fundamental paper by Fulling ([5]) about the non-
equivalence of field quantization in Minkowski respectively Rindler space-time
and the framework developed a little bit later by Unruh,[6]). While the emphasis
of Unruh’s approach lies more on the Minkowski regime (at least according to
his own remarks (see [7]), in practically all these papers a central piece is the
calculation of the Bogoliubov coefficients relating the two different quantization
schemes.
One should note that, while the respective Fock space representations of
the observable algebras are not even unitarily equivalent (as we will show in the
following), the creation/annihilation operators of the KG-field in the Minkowski
and Rindler representation are frequently assumed to be related by number-
valued Bogoliubov coefficients instead of operators. This is an ambiguous point
we will address in detail. This problematic assumption presumably derives from
the following idea. We are given the K.G.-quantum field φ(x). Classically we can
of course choose another parametrization , e.g. Rindler coordinates and freely
switch between these two coordinatizations. However, in the quantized case
the quantum field is defined on a particular Hilbert space and φ(x) defined on
Minkowski Hilbert space cannot automatically be identified with φ(ρ, η) defined
on Rindler Fock space. The same applies to the different mode expansions.
One then usually proceeds by (formally) expressing the Minkowski vacuum
vector as a thermal density matrix in the Hilbert space of the right Rindler wedge
and the Minkowski space annihilation operators of the KG field as a complicated
superposition of Rindler creation/annihilation operators or vice versa. While it
is sometimes remarked in passing that this is perhaps not completely correct it
is nevertheless assumed for convenience. This is another point we will analyse.
Remark 1.1 We discussed this point briefly in e.g. [8] observation 3.2. As the
generator of time evolution in Rindler space is the generator of Lorentz boosts,
the corresponding Hamiltonian has a continuous spectrum while the Hamiltonian
in a representation where the vacuum can be represented as a density matrix is
the logarithm of the density operator and has therefore a discrete spectrum.
To sum up, we think the main problem of a large body of work on the Unruh
effect is that there is a permanent mixing and, sometimes, even identification
of two views, the Minkowski and the Rindler viewpoint and, correspondingly,
a mixing of states as expectation functionals and Hilbert space vectors in the
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(possibly) inequivalent representations of the field or observable algebra. We
will show that this is a point that matters because it is not at all clear to what
extent it is allowed to relate the various expressions, belonging to different and
possibly inequivalent representations of the K.G. field algebra to each other.
There exists a completely different relatively abstract and more mathemati-
cal approach based on the work of Bisognano-Wichmann, the original intention
of which was not to discuss the Unruh-effect ([9],[10]). While the results of
Bisognano-Wichmann refer to more general phenomena in axiomatic quantum
field theory they are mathematically much more involved and less explicit and
transparent in the concrete Unruh-situation. On the other hand, the original
treatment employs standard methods of quantum field theory and provides quite
explicit formulas.
A more mathematical discussion of the complex of questions related to the
so-called KMS-property of the states under discussion in this context is for
example given in [11] and [12]. A little bit closer to the proper Unruh effect,
but still starting from the Bisognano-Wichmann framework is the paper by
Sewell ([13]).
One can perhaps resume this short summary by stating that there exists, on
the one hand, a rigorous but relatively abstract analysis (the approach inspired
by the work of Bisognano-Wichmann) with the physical implications being less
explicit and, on the other hand, a direct approach in the spirit of ordinary
quantum field theory (starting from the work of Fulling and Unruh) providing
a lot of physical details and insight but using methods which are sometimes
perhaps a little bit problematical.
In the following we want to develop a third approach which combines the
merits of both approaches mentioned above. In this process we undertake to
discuss and clarify various points which are, in our view, perhaps a little bit
sloppily treated in the standard treatment. Furthermore we try to add a number
of, as we think, interesting details which we have not found in the literature
known to us.
More specifically, we want to address the following points:
i) The observation that the Minkowski vacuum cannot be represented as a den-
sity matrix within the Rindler Hilbert space framework is actually connected
with some deeper and interesting properties of v.Neumann algebras of observ-
ables in both scenarios (that is, Minkowski or Rindler in the, say, right wedge
case WR).
ii) We show that one can almost completely avoid the reference to the Rindler
Fock space based on the Rindler vacuum vector (the latter is presumably not
easy to realize physically anyhow) and can rather perform a large amount of the
necessary calculations within the thermal Rindler Hilbert space with the observ-
able algebras of the left/right wedge turning out to be unitarily equivalent to
the corresponding algebras in Minkowski Hilbert space. A fortiori, we show that
the thermal (KMS) property of the Minkowski vacuum can be expressed with
the help of the two-point function and expressing the Minkowski coordinates as
functions of the corresponding Rindler coordinates. These Rindler coordinates
are then analytically continued to show that the Minkowski vacuum vector ful-
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fills the so-called KMS-condition.
iii) We show that one should replace in a correct treatment the ordinary Rindler
Fock-space creation/annihilation operators by a superposition of thermal quasi-
particle/hole creation/annihilation operators acting on the (infinite volume)
thermal state (the thermal Rindler vacuum) which corresponds to the Minkowski
vacuum in the Rindler framework. We show to what extent this correspondence
holds in a rigorous sense. This will be discussed in detail in sections 4 and 5.
Furthermore, we show explicitly how all these (thermal) objects can be mapped
into corresponding objects in Minkowski Hilbert space via the unitary equiva-
lence we will prove in the following.
2 Observable Algebras on WR as a Subset of Minkowski
or Rindler Space
In this section we want to compare the algebras of observables generated by a
free hermitean scalar field φ(t, x) on WR, i.e., the (open) right wedge given by
(t, x) with |t| < x (1)
For convenience (as we are dealing mostly with questions belonging to quantum
field theory) we choose the Minkowski metric as
ds2 = dt2 − dx2 with c = 1 (2)
and we restrict ourselves to the case of two dimensions. While the extension to
e.g. four dimensions needs some extra calculations it is nevertheless straightfor-
ward and our choice is entirely sufficient concerning matters of principle.
We begin with the open wedge WR. Rindler coordinates (ρ, η) are given by
t = ρ · sinh η x = ρ · cosh η 0 < ρ <∞ , −∞ < η < +∞ (3)
Sometimes the further coordinate transformation
t = a−1eaξ sinhaτ x = a−1eaξ coshaτ (4)
is made with
ρ = a−1eaξ , η = aτ (5)
where a is a positive constant. In this coordinate system the world line with
ξ = 0 has a (proper) acceleration a and τ is the proper time of an observer on
this world line.
In these coordinates the metric reads
ds2 = ρ2dη2 − dρ2 (6)
or
ds2 = e2aξ(dτ2 − dξ2) (7)
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One sees that the latter coordinate system has certain advantages concerning
quantization as it is conformal to the Minkowski metric, but we usually prefer
the former system.
At the moment we are not so much interested in constructing creation and
annihilation operators (as it is done in e.g. [5] and [6]) but we rather want to
study the field algebras or, more specifically, the algebras of observables (i.e.
the bounded operators constructed from the fields φ(t, x) or φ(η, ρ), in other
words, polynomials in the smeared fields
φ(f) :=
∫
φ(t, x)f(t, x)dtdx or φ(g) :=
∫
φ(η, ρ)g(η, ρ)dηdρ (8)
with smooth test functions f, g having compact support in the open WR and
certain limit operators or employing the respective spectral measures to get
bounded operators.
We see that as long as we remain in the interior of WR the correspondence
between (t, x) and (η, ρ) is bijective, i.e., to each test function f(t, x) belongs a
test function f ′(η, ρ) and vice versa. This entails that from such smeared field
operators we can construct certain (open) algebras of observables which can be
mapped bijectively and linearly onto each other by an algebraic isomorphism.
In order to be able to draw some strong conclusions we have to introduce an
appropriate operator topology.
We now assume that the one algebra,AR, which uses Minkowski coordinates,
is a subalgebra of the field or observable algebra AM of the Minkowski Hilbert
space, while the other one, BR, is built from the field operators belonging to
the Rindler Fock space. Up to now all elements of the algebras are localized in
the interior of WR. We want to make both algebras into so-called v.Neumann
algebras by closing them in, for example , the weak operator topology, that is,
we want to include limit elements A so that there exists a sequence An ∈ AR
or BR with
lim
n→∞
(ψ|Anφ) = (ψ|Aφ) for all pairs (ψ, φ) (9)
taken from the respective Hilbert spaces.
Remark 2.1 We note in passing that v.Neumann algebras happen to be closed
in other operator topologies. Another important topology in this context is for
example the σ-weak topology. That is, An converges to A in the σ-weak topology
if it holds that for all pairs of sequences (ψi, φi) with
∑
i
|ψi|
2 <∞
∑
i
|φi|
2 <∞ (10)
it holds
lim
n→∞
∑
i
|(ψi|Anφi)| =
∑
i
|(ψi|Aφi)| (11)
We want to study what happens if we approach the boundary of the wedge
WR, i.e. the null planes t = x, x > 0 or t = −x, x > 0. With t− x→ 0 we have
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t2 − x2 → 0 hence ρ→ 0. On the other hand,
t/x = tanh η → 1 implies η →∞ (12)
In Minkowski coordinates it is not difficult to construct limit elements which
are concentrated on or near the boundary, that is, for example on the null plane
t = x. Assuming that the test functions of the sequence are concentrated inWR
uniformly between the two planes
t+ x = a > 0 , t+ x = b > a (13)
and are shrinked with n→∞ in the transversal direction with the help of test
functions
hn(t− x) ,
∫
hn(s)ds = 1 , for example hn(s) = n · h(ns) (14)
we can construct limit elements which are concentrated on or near the boundary,
that is, which live on the null plane t = x. We omit the technical details which
can be found in e.g. [13],[14],[15],[16] or [17]. In this way we complete the non-
complete algebra AR and make it into a weakly closed v.Neumann algebra. We
come back to this point in section 4.2.
There is evidently no problem because Minkowski coordinates happen to
be completely regular along the null planes. We now try to perform a similar
construction in the Rindler regime. By trying to concentrate the support of
fields or (more generally) observables near the null plane (t = x), we see that
the corresponding η-coordinates wander away towards∞. This implies that the
corresponding elements from BR do not converge to (non-vanishing) weak limit
elements.
Remark 2.2 For sufficiently localized Hilbert vectors ψ or φ within WR we see
that the scalar product (ψ|Anφ) will go to zero when An moves to ∞ in Rindler
coordinate space (for the technical details see section 4.2).
We hence arrive at the important conclusion that the weak closures of AR,BR,
i.e., A
w
,B
w
are different.
Conclusion 2.3 The weak closures of AR,BR, i.e., A
w
,B
w
, contain different
sets of limit elements. That is, while AR,BR are algebraically isomorphic, this
is no longer the case for A
w
,B
w
.
This has interesting consequences as there exist a number of deeper results if
A
w
,B
w
were algebraically isomorphic as v.Neumann algebras. In the following
we mention such results which can e.g. be found in [18].
Theorem 2.4 If M,N are two v.Neumann algebras and Φ an algebraic ∗-
isomorphism from M to N then Φ is σ-weakly continuous in both directions.
The so-called normal states are states on a v.Neumann algebra given on some
Hilbert space which are continuous in the σ-weak topology on the algebra. It is
well known that they are given by vector states and density matrices. Due to
the property of Φ in the preceding theorem we have immediately:
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Theorem 2.5 With Φ σ-weakly continuous each normal state ω on M defines
uniquely a normal state ω ◦ Φ−1 on N and vice versa. (See [18] theorems
2.4.23,2.4.26)
We see from these results that the possibility that the Minkowski vacuum vector
can be considered as a density matrix in the Rindler representation appears to be
related in a subtle way to the behavior of the corresponding observable algebras
under physically motivated topological closure operations near the event horizon
(in the Rindler case).
3 The Minkowski Vacuum restricted to the Rindler
Wedge as a Thermal (KMS) State
In this section we will show that the Minkowski vacuum restricted to the Rindler
wedgeWR is a thermal (KMS) state without using the properties of the Rindler
Hilbert space. That is, according to our philosophy, we show that quite a lot
can already be calculated within the scenario of the Minkowski Hilbert space.
As we have to deal with an infinite quantum system and according to the
observations made in the preceding section we avoid to discuss thermality with
the help of thermal (Gibbsian) density matrices as it is typically done in most of
the papers discussing the Unruh effect. We will instead employ the framework
which has been developed with the aim to deal with thermal system of infinite
extent with the help of the so-called KMS-property (Kubo-Martin-Schwinger),
see e.g. [19] and [20]. It has been shown that the KMS-property, which holds
for finite Gibbs equilibrium systems, can be extended to infinite systems and
characterizes thermal equilibrium systems uniquely.
For convenience of the reader we repeat the argument for a finite Gibbs
equilibrium system. We have, using the cyclicity of the trace, for two observables
A,B:
< A(t)B >β := Tr (e
−βHA(t)B) = Tr (e−βHeiHtAe−iHtB) =
Tr (eiH(t+iβ)Ae−iH(t+iβ)e−βHB) = Tr (e−βHBA(t+ iβ) =< BA(t+ iβ) >β
(15)
Remark 3.1 As He−αH is trace class for α > 0 the function
Tr (e−βHBA(t+ iη)) is analytic for 0 < η < β (as β − η > 0 in e−H(β−η).
One formulation of the KMS-condition reads as follows:
Definition 3.2 (KMS) For any pair of observables A,B there exists a complex
function FA.B which is analytic on the open strip Dβ = (z = t+ iη, 0 < η < β
and continuous on the closure Dβ. It holds
FA,B(t) =< BA(t) >β , FA,B(t+ iβ) =< A(t)B >β=: GA,B(t) (16)
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Furthermore FA,B(z) is bounded by
||FA,B(z)| ≤ ||A|| · ||B|| (17)
Remark 3.3 Note that in this context there do exist various minor technical
points which we do not mention in order to be brief and which are discussed
in the cited literature. The condition is in particular formulated for bounded
observables A,B while we are using in the following the unbounded scalar field
operators φ(x), φ(y) in stead of bounded observables as they lead to more trans-
parent expressions.
At this point there exists the possibility to start from the Bisognano-Wichman
framework using the modular theory. But as this is a more abstract and perhaps
less transparent route we prefer the more direct approach descibed below. Fur-
thermore we suppose not all readers are aquainted to this more mathematical
framework.
Thermal behavior of the Minkowski vacuum was observed without using the
full Rindler quantization (at least to a larger part) by studying the behavior
of accelerated detectors (see e.g. [4],[21], or [22]). However these results were
restricted to particular observers (with ρ fixed and Rindler time η running) and
in the end the usual Rindler mode expansion was employed to show thermal
behavior. We want in the following to complement these observations with a
general and direct proof of Gibbsian thermal behavior which stays completely
in Minkowski space and does not invoke a discussion of the behavior of various
detector models. Our idea is the following. As we deal with the free hermitean
scalar Klein-Gordon (KG) field, all expressions in this model field theory can be
derived from the two-point function < Ω|φ(x)φ(y)Ω >, that is, all higher Wigth-
man functions are products of such two-point functions. Hence it is sufficient
to study the structure of < Ω|φ(x)φ(y)Ω >.
We undertake to construct a thermal state over the wedge algebra as an
expectation functional ωβ , i.e. in the form ωβ(A) with A some expression in the
algebra of observables, by starting from the Minkowski Hilbert space expression
< Ω|φ(x)φ(y)Ω > with the coordinates x, y restricted to WR. We note that we
could use a parametrisation by Rindler coordinates instead of x, y but it turns
out that this is not necessary. In contrast to the ordinary Minkowski space
framework we use a new time evolution together with its infinitesimal generator
leading also to a new Hamiltonian.
As is well-known, instead of the ordinary Minkowski time evolution we have
to employ the representation of the Lorentz boosts in x1-direction (note that
we are concentrating on the two-dimensional case with x = (x0, x1)), that is,
U(Λ(s)) and their infinitesimal generator K. These Lorentz boosts act as
Λ(s) : (x0, x1) 7→ (x0 cosh s+ x1 sinh s, x1 cosh s+ x0 sinh s) =: xs (18)
with
d/dsΛ(s)|s=0(x
0, x1) = (x1, x0) (19)
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yielding the Killing vector field
B(x0, x1) = x1∂x0 + x
0∂x1 (20)
From (x1)2 − (x0)2 > 0 in WR we see that B(x0, x1) is time-like.
As expected, Λ(s) acts additively in the parameter s,
Λ(s)Λ(s′) = Λ(s+ s′) (21)
This follows e.g. by using the summation formulas for cosh, sinh. In Rindler
coordinates we have alternatively
Λ(s)(ρ, η) = (ρ, η + s) (22)
In Minkowski Hilbert space the Lorentz boosts are algebraically represented by
U(Λ(s))φ(x)U−1(Λ(s)) = φ(Λ(s)x) (23)
In two space-time dimensions the two-point functions for the KG-field has
the form
W (x− y) =< φ(x)φ(y) >0=
∫
dk1/(2pi2ωk) e
−ik0(x0−y0)+ik1(x1−y1) (24)
with k0 = ωk =
√
(k1)2 +m2. In the follwing we abbreviate U(Λ(s)) by U(s).
We then have to study the expressions
< U(s)φ(x)U(−s)φ(y) >0=< φ(xs)φ(y) >0=: Gφ(x)φ(y)(s) (25)
and
< φ(y)U(s)φ(x)U(−s) >0=< φ(y)φ(xs) >0=: Fφ(x)φ(y)(s) (26)
with φ(x), φ(y) replacing A,B.
Remark 3.4 Due to Lorentz invariance of the vacuum, Ω, we have
< φ(y)U(s)φ(x)U(−s) >0=< φ(y)U(s)φ(x) >0 (27)
and
< U(s)φ(x)U(−s)φ(y) >0=< φ(x)U(−s)φ(y) >0 (28)
We now insert xs in the expression for W (x− y) getting
< φ(y)φ(xs) >0=
∫
dk1/(2pi2k0) e−ik
0(y0−x0
s
) · eik
1(y1−x1
s
) (29)
Our aim is it to analytically continue this expression by analytically continue xs.
This can be done by analytically continue cosh s and sinh s. With z := s + iµ
we have
xs+iµ = (x
0 cosh(s+ iµ)+x1 sinh(s+ iµ), x1 cosh(s+ iµ)+x0 sinh(s+ iµ)) (30)
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Remark 3.5 At this point one can equally well use Rindler coordinates with
Λ(s)(ρ, η) = (ρ, η + s)
We can insert this expression into the exponent under the integral of the
preceding formula, however there is in fact lurking another technical problem in
the background. But before studying this problem we go on and choose µ = pi.
By either going back to the original definition for sinhx, coshx, i.e.
sinhx = (ex − e−x)/2 coshx = (ex + e−x)/2 (31)
or, using the summation formulas
sinh(x+y) = coshx cosh y+coshx sinh y cosh(x+y) = coshx cosh y+sinhx sinh y
(32)
plus
cosh iµ = cosµ sinh iµ = i sinµ (33)
sinh(x+ iµ) = − sinhx cosh(x+ iµ) = − coshx (34)
This yields we get
xs+ipi = −(x
0 cosh s+ x1 sinh s, x1 cosh s+ x0 sinh s) = −xs (35)
It follows
Conclusion 3.6 We have
Fφ(x)φ(y)(s+ ipi) =< φ(y)φ(−xs) >0 (36)
and, as y,−xs are spacelike with y, xs ∈WR,
< φ(y)φ(−xs) >0=< φ(−xs)φ(y) >0 (37)
Remark 3.7 (Warning) At this point we have to spell out a warning. One
could have the idea to straightforwardly analytically continue further beyond
s+ ipi to e.g. s+ 2ipi which would yield
sinh(s+ 2ipi) = sinh s cosh(s+ 2ipi) = cosh s (38)
and hence
Fφ(x)φ(y)(s+ i2pi) =< φ(y)φ(xs) >0 (39)
that is, there would be no sign of thermal i.e. KMS-behavior.
In order to analyse this problem we have to look more carefully into the
analytic continuation of < φ(y)φ(xs) >0. To this end we use the expression
of the two-point function as an integral, i.e. formula (29) and the following
equation (30). We make a more explicit calculation of eq. (30) and get
x0(s+ iµ) = x0(cosh s cosµ+ i sinh s sinµ) + x1(sinh s cosµ+ i cosh s sinµ)
= cosµ · x0(s) + i sinµ · x1(s) (40)
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x1(s+ iµ) = x0(sinh s cosµ+ i cosh s sinµ) + x1(cosh s cosµ+ i sinh s sinµ)
= cosµ · x1(s) + i sinµ · x0(s) (41)
When inserting this in formula (29) we get an expression under the integral
containing a term
e−(k
0x1(s)−k1x0(s))·sinµ (42)
(x1(s), x0(s)) is a time-like vector in the forward cone for all s if (x0, x1) ∈WR.
Due to the spectrum condition (k0, k1) is also a vector in the forward cone, i.e.,
we have
k0x1(s)− k1x0(s) > 0 (43)
that is
Conclusion 3.8 For 0 < µ < pi the exponent decys strongly and hence the
integral is finite. This implies that < φ(y)φ(xs) >0 can be analytically continued
into the strip (s, µ), < µ < pi with Fφ(x)φ(y(s + ipi) =< φ(−xs)φ(y) >0.On the
other hand the integral diverges for µ > pi and hence an analytic continuation
in this region becomes meaningless in this way.
But we can use formula (37) and start instead from < φ(−xs)φ(y) >0. By
analytically continuing −xs = −(Λ(s)x) to −xs+iµ we can analytically continue
< φ(−xs)φ(y) >0 into the strip (s+ iµ), µ < pi and finally get with −xs+ipi = xs
the expression < φ(xs)φ(y) >0= Gφ(x)φ(y)(s). The corresponding integral exists
and is finite by the same reasoning as above. We now piece together these two
analytic functions, defining an analytic function in the strip (s+iµ), 0 < µ < 2pi).
We define Fφ(x)φ(y)(s+iµ) in the strip (s+iµ), 0 < µ < pi as above. We define
Fφ(x)φ(y)(s+ iµ) in the strip (s+ iµ), pi < µ < 2pi by the analytic continuation of
< φ(−xs)φ(y) >0 as described in the preceding paragraph thus arriving finally
at
Fφ(x)φ(y)(s+ i2pi) = Gφ(x)φ(y) (44)
Our reasoning is complete if we can show that the constructed function is an-
alytic along the line z = s + ipi. Note that up to now analyticity has only
been shown in the interior of the two strips. Generally the functions are only
continuous at the boundaries of the domains of analyticity.
To accomplish this we employ the following lemma:
Lemma 3.9 (Edge of the Wedge) Let F1 be a function continuous and fi-
nite on the closed strip (z = s + iµ, 0 ≤ µ ≤ pi) and analytic in the inte-
rior. Let F2 be a function having the analogue properties on the closed strip
(z = s+ iµ, pi ≤ µ ≤ 2pi). We assume
F1(s+ ipi) = F2(s+ ipi) (45)
then F1∪F2 extends to an analytic function on the strip (z = s+iµ, 0 < µ < 2pi).
Sketch of Proof: Use the Cauchy integral formula both for the interior of the
strips belonging to F1 or F2. with part of the boundaries of the Cauchy integrals
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being a common interval lying on the line z = s + ipi. These two closed paths
can be united to a single closed path by traversing the common interval lying
on the line z = s + ipi in opposite directions. This shows that the extended
function F is analytic on the line z = s+ ipi.
Conclusion 3.10 This proves that the Minkowski vacuum Ω is a thermal (KMS)
state on the observable algebra of the Rindler wedge WR with β = 2pi.
Corollary 3.11 The same result follows of course for the left Rindler wedge
WL.
We want to conclude this section with a last remark. We emphasize that
our version of analytic continuation is essentially unique. We learned that the
direct analytic continuation, starting from < φ(y)φ(−xs) >0 beyond (µ ≤ pi)
would lead to a divergent integral. But let us assume this method would work.
Then we had apparently two different analytic continuations, starting either
from < φ(y)φ(−xs) >0 or < φ(−xs)φ(y) >0. But both continuations coincide
on the boundary (as we have seen). Hence the difference of these continuations is
analytic in the upper strip and vanishes on the boundary (z = s+ ipi). With the
help of the Schwartz- reflection priciple we then would get an analytic function
which vanishes on an interior line. Hence the difference of the two functions
vanishes in its domain of analyticity and we see that the two functions have to
coincide.
4 The Universal Structure of Thermal States as
a System built from Quasiparticles and Holes
and its Relation to Rindler Space
In this section we want to show that all the different observations being made
in connection with the Unruh effect have a, in or view, common physical origin,
that is, the emergence of a new kind of creation/annihilation operators in ther-
mal systems of many DoF. The preceding analysis has shown that an example
is given by the right or left Rindler wedge, WR,WL.
A thermal system is full of elementary excitations. It was an ingeneous in-
sight of Landau to replace the original system with its ordinary microscopic
DoF by a better adapted choice of DoF, that is, the so-called elementary or
collective excitations, which are adapted to the Hamiltonian of the system in-
sofar as they are assumed to interact weakly and approximately diagonalize
the complex Hamiltonian. This was discussed in more detail in [23] and in the
follow-up paper [24]. A related point of view has been adopted in the so-called
thermofield theory of Umezawa et al. (see e.g. [25]). We recently discussed
this topic in quite some detail in [8]. It should however be emphasized that in
most representations this form of doubling or extension, we will develop in the
following, is delineated as a purely formal calculational technique.
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It is remarkable that this formal structure was already observed much earlier
in [26], again without giving a physical interpretation. A certain exception is
however [27]. We observed and discussed some aspects of this phenomenon in
our doctoral thesis ([28] or [29]). More specifically, we analyzed the intrigu-
ing symmetry properties of the Fourier spectrum of correlation functions in
a thermal KMS-state. Choosing, for convenience, A,B selfadjount, the KMS
condition
< A(t)B >=< BA(t+ iβ) > (46)
(where we are a little bit sloppy in the precise definition of A(t + iβ)) can be
rewritten as
< A(t)B > − < BA(t) >=< [A(t), B] >=< B(A(t+ iβ)−A(t)) > (47)
With J(ω) the Fourier transform of (< BA(t) > − < A >< B >) and C(ω) the
Fourier transform of < [A(t), B] >, i.e.,
< BA(t) > − < A >< B >= (2pi)−1/2
∫
e−itωJ(ω) dω (48)
we get the relation
C(ω) = (eβω − 1)J(ω) (49)
Remark 4.1 As it sometimes happens that the commutator [A(t), B] is rela-
tively simple (e.g. a c-number) we can get with the help of this formula a quite
explicit expression for < BA(t) >.
With
< Ω|A(t)BΩ > =< A(t)BΩ|Ω >=< Ω|BA(t)Ω > (50)
that is
< Ω|A(t)BΩ >= < Ω|BA(t)Ω > (51)
we get for the respective Fourier transforms:
F.T r.(< A(t)B > − < A >< B >) = J(−ω) (52)
This yields for the commutator:
J(−ω)− J(ω) = (eβω − 1)J(ω) (53)
that is
J(−ω) = eβωJ(ω) (54)
and hence
Observation 4.2 From the KMS-condition it follows
ReJ(−ω) = eβω ReJ(ω) ImJ(−ω) = −eβω ImJ(ω) (55)
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Remark 4.3 Note that in the above cited papers we used a different sign con-
vention in the Fourier transform.
Conclusion 4.4 Due to the above inherent symmetry of the spectrum of the
KMS Hamiltonian the existence of a (quasi-) particle branch for positive ω im-
plies the existence of a (quasi-) hole excitation branch for negative ω. This
picture becomes even more transparent for translation invariant systems, the
situation we discussed in the above mentioned literature, where we have Fourier
transforms in both ω and k and hence true excitation branches (see also [23],
where this picture played a central role).
It is clear that a (strongly) interacting system of many DoF (like a quantum
fluid) is not really completely equivalent to a system of non-interacting collective
excitations. But this picture is supposed to hold for the low-lying elementary
excitations and sufficiently low temperatures. In our case of the Unruh effect
the system is assumed to be a free KG-system anyway. That is, the above
picture should hold in this case (and it holds also approximately for interacting
systems (as we have shown in [23] and [24]). That is, we begin our discussion
by developing the picture for a general free thermal quantum system. In a next
step we apply our results to the Unruh scenario.
Another delicate point we want to address in this context is the problemat-
ical relation of the Minkowskian and Rindlerian point of view when comparing
what happens in WR or WL as both frameworks employ different and (possibly
inequivalent) Hilbert spaces. This crucial point is frequently glossed over in
the existing discussions. In the Rindler case we have the Rindler Fock space
and a temperature state (assumed to represent the Minkowski vacuum) which
is usually modelled as a density matrix over the Rindler Fock space. This turns
out to be grossly inadequate and we will replace it by a true infinite thermal
(KMS) state which we then compare with the original Minkowski vacuum in
WR or WL.
4.1 Creation/Annihilation Operators for Collective Exci-
tations
We adapt our notation to the present situation of the Unruh-Rindler scenario by
not using indices which (usually) denote momentum eigenvectors parametrized
by the index k. In our case translation invariance is absent and we have instead
an eigenfunction expansion with respect to an energy label denoted by ω, the
Fourier variable belonging to the Rindler time η, given by the infinitesimal
generator of Lorentz boosts (for more details see the following subsection). For
the sake of brevity our starting point is a physical one. That this working
philosophy is correct will then be seen below and has also been laid out in
[23],[8] and [24].
We assume a thermal quantum system be given (for convenience we restrict
ourselves for the time being to a free Bose system as in the Unruh case). The
ordinary particle annihilation/creation operators are denoted by a(ω), a+(ω).
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Our physical input is derived from the following crucial observation. The ordi-
nary particle annihilation/creation operators in a thermal state are conjectured
to consist of two pieces which are difficult to observe individually but occur in
the following temperature dependent superposition.
Observation 4.5 We conjecture the following universal splitting to hold in a
thermal state:
a(ω) = (1 + fβ(ω))
1/2a(ω, β) + f
1/2
β a˜
+(ω, β) (56)
a+(ω) = (1 + fβ(ω))
1/2a+(ω, β) + f
1/2
β a˜(ω, β) (57)
The concrete functional shape of the positive function fβ(ω) will be calculated be-
low. The a(ω, β), a+(ω, β), a˜(ω, β), a˜+(ω, β) are quasi-particle annihilation/creation
operators, quasi-hole annihilation/creation operators, respectively. Their crucial
property is that a(ω, β), a˜(ω, β) annihilate the thermal state Ωβ expressed as a
Hilbert vector in some thermal Hilbert space. This is in marked contrast to the
’real’ operators a(ω)!
The physical motivation underlying this representation is the following. In
contrast to a ground state a thermal state supports many excitations which can
be regarded either as quasi- particle excitations or as excitations of holes in
the already existing distribution of real particles. For example, a ’real’ particle
annihilation operator can be regarded as a superposition of a quasi-particle
annihilation operator and the creation of a hole in the existing sea of particles.
It is remarkable that these new and somewhat hidden excitation modes are
temperature dependent in contrast to the original particle annihilation/creation
operators.
Remark 4.6 In [8] we discussed this phenomenon in the context of the old
Dirac picture. Furthermore, at the moment we do not strictly distinguish be-
tween elementary excitations, collective excitations or quasi particles which are
considered in some of the existing literature as different modes of excitation.
We assume that these thermal (quasi-) particle/hole operators fullfil canon-
ical commutation relations, i.e.
[a(ω, β), a+(ω′, β)] = δ(ω − ω′) (58)
[a˜(ω, β), a˜+(ω′, β)] = δ(ω − ω′) (59)
[a(ω, β), a˜+(ω′, β)] = 0 (60)
with the remaining combinations vanishing identically. This yields
[a(ω), a+(ω′)] = (1 + fβ)δ(ω − ω
′)− fβδ(ω − ω
′) = δ(ω − ω′) (61)
that is, corresponding canonical commutation relations follow for the real anni-
hilation/creations operqators.
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The concrete functional form of fβ(ω) can be inferred from the condition
that in a thermal state we want to have
< a+(ω)a(ω′) >β= (Ωβ |a
+(ω)a(ω′)Ωβ) = (e
βω − 1)−1 · δ(ω − ω′) (62)
I.e., the well-known occupation number in the Bose case. Inserting the above
superpositions in this formula we get with
a(ω, β)Ωβ = 0 = a˜(ω, β)Ωβ (63)
(Ωβ |a
+(ω)a(ω′)Ωβ) = (Ωβ |f
1/2
β (ω)a˜(ω, β) · f
1/2
β (ω
′)a˜+(ω, β)Ωβ)
= f
1/2
β (ω)f
1/2
β (ω
′)(Ωβ |[a˜(ω, β), a˜
+(ω′, β]Ωβ) = fβ(ω)δ(ω − ω
′) (64)
That is, we have
Lemma 4.7 It holds
fβ(ω) = (e
βω − 1)−1 and 1 + fβ(ω) = e
βω/(eβω − 1) (65)
It is remarkable that from these fundamental thermal annihilation/creation
operators we can construct another real representation which commutes with
the above real representation. Defining
a˜(ω) = (1 + fβ(ω)
1/2a˜(ω, β) + f
1/2
β a
+(ω, β) (66)
we have for example
[a˜(ω), a+(ω′)] = (1 + fβ)
1/2fβ(ω
′)1/2[a˜(ω, β), a˜(ω′, β)]
+ f
1/2
β (ω)(1 + fβ(ω
′)1/2[a+(ω, β), a+(ω′, β)] = 0 (67)
and correspondingly for the other combinations.
Observation 4.8 From the thermal creation/annihilation operators we can con-
struct a tilde representation (a˜(ω), a˜+(ω)) which commutes with the (a(ω), a+(ω))
representation with
a˜(ω) = (1 + fβ(ω)
1/2a˜(ω, β) + f
1/2
β a
+(ω, β) (68)
We see that in the tilde representation the notion of thermal particles and holes
are exchanged.
We can invert the above expressions. From(
a(ω)
a˜+(ω)
)
=
(
(1 + f)1/2 f1/2
f1/2 (1 + f)1/2
) (
a(ω, β)
a˜+(ω, β)
)
(69)
we get (
a(ω, β)
a˜+(ω, β)
)
=
(
(1 + f)1/2 −f1/2
−f1/2 (1 + f)1/2
) (
a(ω)
a˜+(ω)
)
(70)
that is
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Observation 4.9 The thermal particle/hole operators are expressed as
a(ω, β) = (1 + fβ)
1/2a(ω)− f
1/2
β a˜
+(ω) (71)
a˜(ω, β) = −fβ(ω)
1/2a+(ω) + (1 + fβ)
1/2a˜(ω) (72)
and correspondingly for the operators a+(ω, β), a˜+(ω, β).
The observation that there does exist kind of a symmetry or duality between
the v.Neumann algebra of observables A and its commutant A˜ in a thermal
representation in some Hilbert space is a well-known abstract structural phe-
nomenon (see e.g. [18] and [20]). We would however like to add some physical
remarks which are frequently missing in the more general analysis and which
put some flesh on the abstract structure. Furthermore it exhibits in our view an
existing physical universal deep structure lying beneath the abstract formalism.
In our case we deal primarily with infinitely extended structures. This im-
plies that simple explanations which rely for example on tools like density ma-
trices etc. are not really helpful. There do exist several possibilities to motivate
the existence of such an apriori structure as described above. The one which
leads rather immediately to the well-known tensorial double structure we ob-
serve in the black hole or Unruh scenario (and which is e.g. formalized in the
papers by Kay et al., see for example [11] and [12]), is based on the method
to construct a thermal state by tracing over another Hilbert space, viewed as a
tensor factor. In that case the corresponding thermal Hilbert space is the tensor
product of two tensor factors on which dual pictures of the original observable
algebra are realized.
We want in the following to follow a slightly different line of ideas as they do
lead us more directly to the fundamental and slighly hidden structure underlying
this field and which we described above. The main problem in constructing a
thermal vectorn state, representing a thermal eqilibrium state, is to cope with
the (infinite) fluctuation energies which occur in the representation if we are
going to perform the termodynamic limit. That is, we have both to renormalize
the average energy of the equilibrium state which tries to evade to infinity and
the energy fluctuations which also will diverge. More specifically, we assume
the existence of a typical thermal vector state which support a great number
of ordinary (real) excitations and which are distributed in such a way that all
’holes’ below the so-called ’Fermi surface’ are occupied and no quasi-particle
excitations above the Fermi surface are excited.
Furthermore the energy of the Fermi surface is reset to zero. More precisely,
the quasi-particle and hole annihilation operators annihilate this ’thermal vac-
uum’.
Remark 4.10 In a sense this picture, we are envoking, is reminiscent of the
old Dirac picture which, however, appears to be more justified in this thermal
context. In this context the notion Fermi surface also is making some sense.
Observation 4.11 In this picture it is now possible to reinterpret the meaning
of the respective annihilation and creation operators by introducing a certain
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dualization symmetry. I.e., by exchanging the meaning of quasi-particles and
holes we get another algebra of observables called A˜ which commutes with the
ordinary algebra A.
This dual structure becomes possible by taking the concept of quasi-particles
and holes as the really fundamental strucuture, while the ordinary field operators
and observables in the thermal state become certain superpositions of these more
primordial objects. On the other hand, as quasi-particle and hole operators do
commute, they generate automatically a certain tensor product structure of two
Fock spaces of, on the one hand, quasi-particles lying above the Fermi surface
and, on the other hand, holes lying below the Fermi surface.
Observation 4.12 This physically motivated tensor product structure leads quasi
automatically to the mathematically motivated structure found by Araki et al.
([26]).
4.2 Constructing the v.Neumann Observable Algebras of
the Left/Right Wedge in the Thermal Rindler Hilbert
Space
We have learned in section 2 that the observable algebras ofWR,WL in Minkowski
space, (that is, formulated with the help of ordinary Minkowski space-time co-
ordinates) are not identical to the coresponding algebras if expressed by means
of Rindler coordinates and represented in Rindler Fock space. More specifically,
the respective v.Neumann algebras (i.e. the weak or ultra-weak closures) behave
differently concerning their limit behavior when approaching the boundaries (i.e.
t = ±x).
This is the reason why the Minkowski vacuum cannot be a density matrix
over the Rindler Fock space as we have proved in section 2. As a consequence
many of the calculations in most of the literature about the Unruh effect, if
based on this unjustified identification and its ramifications, do have only a
heuristic meaning. In this subsection we want to show how this ambiguity can
be remedied.
Recapitulating the abstract results we mentioned in section 2, we see that
we would get a weakly continuous ∗− isomorphism between the two observable
algebras, on the one hand on the two wedges in Minkowski space, on the other
hand on Rindler space, if the limit construction works in both cases. This would
entail that the class of pure states and density matrices (called the folium) is
the same in both cases.
We will show in the following that in contrast to the Rindler Fock space
the situation is much better when dealing with the thermal (KMS) state over
the Rindler Fock space as described in the preceding section. Again we have to
scrutinize the behavior of limit elements when approaching the boundaries of
WR,WL in Rindler space. Somewhat surprisingly, it turns out that, in contrast
to ordinary Rindler Fock space, the existence of limit elements can be proved
as a consequence of a mathematical subtlety.
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Before entering into the proof we want to give a more detailed account of the
behavior of the support of observables when we approach the boundary of the
wedge. As in section 2 we assume the support of the sequence of observables or
fields to be concentrated between the planes or lines
t+ x = a > 0 , t+ x = b > a (73)
while the support shrinks in the transverse direction t− x as −n−1, that is, in
the coordinate t− x we again use a sequence of functions
hn(t− x) ,
∫
hn(s)ds = 1 , for eample hn(s) = n · h(ns) (74)
We illustrate the behavior with the help of a sequence of functions
F (t, x) = f(t+ x) · hn(t− x) (75)
with supp hn shrinking to zero for n→∞.
We want to analyze the support with respect to the corresponding Rindler
coordinate η which goes to ∞ for t − x → 0 because this detailed behavior
becomes relevant for our following analysis. We study the behavior for the
endpoints of the interval, i.e.
t+ x = a , t+ x = b (76)
We have
t+ x = ρ(sinh η + cosh η) = ρeη (77)
t− x = −n−1 = ρ(sinh η − cosh η) = −ρe−η (78)
That is
a = ρae
ηa , b = ρbe
ηb (79)
and
ρa = n
−1
a e
ηa , ρb = n
−1
b e
ηb (80)
which yields
a = n−1e2ηa , b = n−1e2ηb or na = e2ηa , nb = e2ηb (81)
We want to calculate (ηa − ηb) for n→∞. We have
ln n+ ln a = 2ηa , ln n+ ln b = 2ηb (82)
and hence
ηa − ηb = (ln a− ln b)/2 (83)
Lemma 4.13 While ηa,b go to∞ with n→∞, their difference remains bounded.
This entails that the support of testfunctions concentrate at ρ = 0 and remains
bounded with respect to η while being shifted to η →∞.
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In the following analysis only the assymptotic behavior of the η− dependence
for η → ∞ is relevant. The dual variable of η is ω which we introduced in
the preceding section. We want to show that a combination of ω-dependent
prefactors of the respective quasi-particle/hole creation/annihilation operators
in Rindler space conspire in making the η →∞ limit smooth enough so that a
limit operator can actually be defined. As v.Neumann algebras are both strongly
and weakly closed we will smear the Rindler field operators with n-dependent
testfunctions and assume that they are applied to fixed Rindler Hilbert space
vectors and show that these limits do exist for n→∞.
In a first step we realize that in the Fourier expansion of fields in Rindler
space there occurs a prefactor ω−1/2. Furthermore the thermal creation/annihilation
operators carry prefactors of the type (eβω− 1)−1/2. We now choose a testfunc-
tion hn(η) having its support in the interval (ηa(n), ηb(n)) as discussed above.
Its Fourier transform
(2pi)−1/2
∫
eiωη · hn(η) dη (84)
behaves in the following way for n→∞
For convenience we assume that hn is centered around some ηn ∈ (ηa(n), ηb(n))
in the form
hn(η) = h(η − ηn) (85)
This yields
(2pi)−1/2
∫
eiωη · hn(η) dη = (2pi)
−1/2
∫
eiω(η+η
′) · h(η′) dη′ =
eiωηn · (2pi)−1/2
∫
eiωη
′
· h(η
′) dη′ = eiωηn · h˜(ω) (86)
We now consider the individual terms which occur in the ordinary Rindler
field operators, i.e., the quasi-particle/hole creation/annihilation operators smeared
with the eiωηn plus the extra factors ω−1/2 · (eβω − 1)−1/2. For η or ηn large or
going to infinity only an infinitesimal neighborhood of ω = 0 is relevant in the
integral ∫
ω−1/2 · (eβω − 1)−1/2 · eiωηn h˜(ω) · A(ω) dω (87)
with A(ω) representing a quasi-particle/hole creation/annihilation operator.
Asymptotically for n→∞ we thus have
∫
ω−1 · eiωηn h˜(ω) · A(ω) dω (88)
We see that
− i d/dηn
∫
ω−1 · eiωηn h˜(ω) ·A(ω) dω =
∫
eiωηn h˜(ω) ·A(ω) dω (89)
Noting that we assumed this expression to be applied to some vector and ap-
plying the Riemann-Lesbegue lemma, we see that for ηn → ∞ this expression
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goes to zero. In other words, the expression
∫
ω−1 · eiωηn h˜(ω) ·A(ω) dω · ψ (90)
with ψ some arbitrary Hilbert space vector, converges asymptotically for ηn →
∞ towards a constant vector in the thermal Rindler Hilbert space.
Conclusion 4.14 We conclude that the strong limits of observables as described
above do exist if they approach the boundary (ρ → 0, η → ∞). This entails
that the strong closure of the original unclosed algebras of observables, having
their support in the open interior of WR or WL do exist and we see that we
get a one-one correspondence of the respective v.Neumann algebras over the
left/right wedge in the thermal Rindler Hilbert space HthR and the corresponding
v.Neumann algebras over the left/right wedge in Minkowski Hilbert space HM .
Remark 4.15 We note that these v.Neumann algebras are closed in most of
the other topologies as e.g. weak, σ-weak etc.
5 The Passage from Rindler to Minkowski Space
We learned from the construction in the preceding section that the v.Neumann
observable algebras of the respective wedges, WL,WR in Minkowski space HM
are in one-one correspondence to the correspondng algebras in the thermal
Rindler Hilbert space HthR . We denote these v.Neumann algebras by
A(WL),A(WR) in Minkowski space B(WL),B(WR) in Rindler space
(91)
As described in section 2 it follows that the algebraic isomorphism is σ-
weakly continuous in both directions and that the sets of normal states are iden-
tical. This then holds also for their respective unifications, i.e. the v.Neumann
algebras generated by the union of left/right algebras, denoted by
A(WL) ∨ A(WR) and B(WL) ∨ B(WR) (92)
Usually we can assume that the v.Neumann algebras
A(WL),A(WR) B(WL),B(WR) (93)
are factors, i.e., they have trivial centers {λ · 1}. Furthermore, the algebras of
the left wedge are the commutants of the algebras of the right wedge and vice
versa, that is
A(WL) = A(WR)
′ B(WL) = B(WR)
′ (94)
From this follows immediately:
Conclusion 5.1 A(WL)∨A(WR) and B(WL)∨B(WR) are irreducible on their
respective Hilbert spaces, that is, they comprise all bounded operators.
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Furthermore, all these algebras have a cyclic and separating vector, that is, the
Minkowski vacuum in the Minkowski case, the thermal Rindler vacuum vector
in the Rindler case.
From both properties follows that the weakly continuous isomorphism Φ defined
above is actually unitarily implementable and U maps the thermal vacuum vector
ΩthR onto the Minkowski vaccum vector ΩM .
Proof: The famous double commutant theorem of v.Neumann implies that
(A(WL) ∨ A(WR)) = (A(WL) ∨ A(WR)
′′ = {λ · 1}′ (95)
(B(WL) ∨ B(WR) = (B(WL) ∨ B(WR)
′′ = {λ · 1}′ (96)
with the rhs being the algebras of all bounded operators. The second property
is well known. From this follows the unitary implementability, see e.g. [18].
Remark 5.2 We see a relation between this result, i.e., that we get the full al-
gebra of boundd operators in HM , and the possibility of finding complete systems
of mode expansions in Minkowski Hilbert space of Rindler modes via analytic
continuation, as described e.g. in [6].
We can now use these findings to answer our questions we have raised in
the introduction. With U ◦ U−1 all the expressions occurring in HthR can be
transferred to HM . For the KG-field itself we have
UφR(ρ, η)U
−1 = φM (x(ρ, η)) (97)
As both fields fulfill the KG-equation we can employ the KG-scalar product
with respect to the various mode expansions (Minkowski or Rindler modes) to
generate the respective operator mode expansions in Minkowski Hilbert space
HM . For the ordinary Rindler mode operators we get
Ua
(+)
R U
−1 =: a
(+)
R/M , U a˜
(+)
R U
−1 =: a˜
(+)
R/M (98)
with the rhs being the corresponding images of the Rindler operators in Minkowski
Hilbert space (belonging to WR or WL) The concrete transformation formulas
(Bogoliubov expansion) we find e.g. in [5] or the other cited papers. They re-
main correct as they are of a purely algebraic character. One should however
note that the underlying physics is nevertheless questionable as they usually
start from the Rindler Fock space which is incorrect as we showed above.
Interesting is the role of the images of the fundamental quasi-particle/hole
creation/annihilation of thermal Rindler Hilbert space in Minkowski Hilbert
space. As a(β, ω), a˜(β, ω) annihilate ΩthR , we have
Ua(β, ω)U−1ΩM = Ua˜(β, ω)U
−1ΩM = 0 (99)
We hence get
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Conclusion 5.3 Ua(β, ω)U−1 , U a˜(β, ω)U−1 are suitable superpositions of
Minkowski-annihilation operators. On the other hand, a(β, ω), a˜(β, ω) are su-
perpositions of the ordinary creation/annihilation operators in HthR (see section
4.1), which are mapped onto a
(+)
R/M , a˜
(+)
R/M . These latter operators can be ex-
pressed by superpositions of Minkowski creation/annihilation operators as we
described above. Therefore this yields, by the same token, explicit expressions
in Minkowski Hilbert space for Ua(β, ω)U−1 , U a˜(β, ω)U−1.
It is interesting that we find analogous expressions in the literature, whereas
the canonical framework, as we described above, is rather different. Formula (99)
says that the operators Ua(β, ω)U−1, U a˜(β, ω)U−1 annihilate the Minkowski
vacuum. Originally these are quantum modes stemming from the thermal
Rindler Hilbert space framework. In [6] in the formula (2.19a) or in [1] for-
mulas (2.66,2.67) similar properties are expressed while in these approaches
the quasi-particle/hole creation/annihilation operators of the thermal Rindler
Hilbert space do not openly exist. These papers are rather based on the rela-
tion of Rindler Fock space to Minkowski Hilbert space, a relation we think, is
debatable, to say the least.
6 Conclusion
We have shown in this paper that the appropriate dual quantum field theory to
the Minkowski quantum field theory in WR or WL in the Unruh scenario is not
the Rindler Fock space theory but the thermal quantum field theory defined on
the thermal Rindler Hilbert space HthR . In contrast to Rindler Fock space, this
thermal field theory is unitarily equivalent to the theory in Minkowski space. We
showed in particular that under this unitary map the thermal Rindler vacuum
is mapped onto the Minkowski vacuum. This thermal Rindler vacuum, which is
unitarily related to the Minkowski vacuum, replaces the formal (but incorrect)
representation of the Minkowski vacuum as a superposition of certain Rindler
modes based on Rindler Fock space in the standard literature.
In the course of the construction of this duality we proved the existence
of quasi-particle/hole creation/annihilation operators in the thermal Rindler
Hilbert space which turned out to be the fundamental objects in this framework.
Under the unitary map U they are mapped into operators living in Minkowski
Hilbert space which annihilate the Minkowski vacuum and generate a new mode
expansion in Minkowski Hilbert space. The details of the construction shows
that the Rindler particles are not really a new kind of particles but are rather
a new class of mode representation built from the original Minkowski particles.
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